Abstract. We study, in certain cases, the notions of finiteness and stability of the set of associated primes and vanishing of the homogeneous pieces of graded generalized local cohomology modules.
Introduction.
Throughout the paper R is a commutative Noetherian ring with identity and M is an R-module. Also, we denote the set of positive (resp. non-negative) integers by N (resp. N 0 ). For an ideal a of R, the a-torsion submodule of M is Γ a (M ) := n≥0 (0 : M a n n , ·). The following generalization of the local cohomology functor was given in the local cases by J. Herzog [5] , and in the general case by M. H. Bijan-Zadeh [2] . The ith generalized local cohomology functor, H If M is finitely generated, then, of course, there are other approaches to the construction of generalized local cohomology functors. In the following we recall two of those.
). Let C(R) denote the category of R-modules and R-homomorphisms. It is well known that Γ a (·) : C(R) → C(R) is a covariant, R-linear
(a) Following [7, 2.1] , let M be finitely generated and let J N be an injective resolution for an R-module N . Then In fact, for a fixed finitely generated R-module M , it is easy to see that the functors 
Since each term in the complex C t · is a projective R-module, one can see, by the standard arguments in homological algebra, that the sequence
) i∈N 0 is a connected sequence of functors and that if M is finitely generated then the sequences
of functors are isomorphic.
In this paper, we obtain some results on graded generalized local cohomology modules. Let R = i∈Z R i be a graded (Noetherian) ring. For
The category of all graded R-modules and homogeneous R-homomorphisms is denoted by * C(R). For t ∈ Z, we shall denote the t-shift functor by (·)(t) :
Note that f may be considered as a morphism f :
We denote by Hom i (X, Y ) the set of homogeneous homomorphisms of degree i. Then the Z-submodules Hom i (X, Y ) of Hom R (X, Y ) form a direct sum, and it is obvious that * Hom R (X, Y ) := n∈Z Hom i (X, Y ) is a graded R-module which is a submodule of Hom R (X, Y ). One can prove that * Hom R (X, Y ) = Hom R (X, Y ) whenever X is finitely generated (see [4, 1,5.19] ).
Let a be a homogeneous ideal of R and suppose that the R-module M is graded and finitely generated. Let N be any graded R-module. In the following, we indicate three methods of grading H 
, which is a graded R-module. Since M is finitely generated we have *
has the structure of a graded R-module.
(ii) As mentioned in (a), the connected sequences . . , a n (n > 0) be homogeneous elements which generate a. Then, by [3, 12.4 The aim of this note is to establish, in certain cases, some finiteness results for the homogeneous pieces of the module H i a (M, N ), and to prove a vanishing theorem under certain hypotheses.
The results.
Throughout this section, we assume that the R-module M is finitely generated. The following lemma is needed in the proof of the main results of this note.
2.1. Lemma. Let a be an ideal of R. Then: (ii) This follows from (b) and elementary facts on double complexes.
In the remaining part of this note we assume that R = i≥0 R i is a positively graded (Noetherian) ring and that R + = i≥1 R i . We say that R is homogeneous if it is generated as an R 0 -algebra by homogeneous elements of degree one; that is, R = R 0 [R 1 ]. Also in the rest of the paper we assume that N is another finitely generated graded R-module.
The following well known lemma will be used several times:
2.2. Lemma. Let X = n∈Z X n be a finitely generated graded R-module. Then, for all n ∈ Z, X n is a finitely generated R 0 -module. Moreover if R t + X = 0 for some t ∈ N, then X −n = X n = 0 for all sufficiently large values of n.
Proposition. Suppose that the projective dimension of M is finite.
Then:
(ii) There exists r ∈ Z such that
Proof. In view of Lemma 2.1(ii), it is enough to show that, for fixed N ) n is a finitely generated R 0 -module for all n ∈ Z and that it is zero for all sufficiently large n. We prove this by induction on i. 
, leading to the exact sequence
is annihilated by some power of R + . So, in view of Lemma 2.1(i), there exists h ∈ N 0 such that
Hence, it follows from Lemma 2.2 that
) n is a finitely generated R 0 -module for all n ∈ Z, and it is zero for all sufficiently large n. Therefore, by using the exact sequence (1), it is enough to prove the induction step for H N ) are R + -torsion. Next, fix n ∈ Z and let k ∈ N 0 be such that n + kt ≥ s − t. Let j = 0, 1, . . . , k − 1. Successively using the exact sequences
. . , 0, and the inductive hypothesis, we finally deduce that H i R + (M, N ) n is a finitely generated R 0 -module. This completes the inductive step.
It is well known (see for example [8, Theorem 2] ) that whenever R is homogeneous and, for some l ∈ N and r ∈ Z, Proof. By employing a similar argument to the one used in [3, pp. 282-284], we may assume that R 0 is local with infinite residue field. We prove the theorem by induction on dim N (the Krull dimension of N ), which is finite (note that since we may assume that R 0 is local, R is a * local ring). If dim N = 0, the result follows from [2, 5.1] . Now suppose that dim N > 0 and the result has been proved for all finitely generated graded R-modules of smaller dimension. Considering the exact sequence
* C(R) and using 2.1(i) we obtain the homogeneous isomorphism 
of R 0 -modules for all i ∈ N and n ∈ Z. Using the above exact sequences, we see that if 
Proof. It is clear that R 0 is a local ring. Let m 0 be the maximal ideal 
These show that the R 0 -module H j R + (M , N ) n is finitely generated for all [6, (23 Since B is a finite set the result follows from this, and the inductive step is complete.
